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ABSTRACT we need to set initial conditions and integrate over the variable in
which the unknowns are changing. For example, the following is

Chaotic signals are useful in two different levels in audio synthesis: " _ > X ¢
a first order differential equation for the variabife

as sound material or control structure. Patching languages such a
Pd, Max/MSP, and jJMAX provide easier mechanisms for generat-
ing chaotic structures at control level. We can generate determin-
istic chaotic signals either by finding numerical solutions to differ-
ential equations or by using first return maps. While generating the
next sample, both of these methods require calculations with the
knowledge of the previous sample. Most signal processing envi- .
ronmentg for comr?uter music, SFL)JCh as Pd, I\g/laxll\?ISP, and ?MAX, Yng1 = Yo +sin(Yn) AL 2
transfer audio data among their objects by vectors (blocks). In suchTherefore, to find a numerical solution to Equafign 1, we pick an
environments, finding numerical solutions to differential equations initial condition for Yo and pick a value foAt and find the so-

or generating signals based on first return maps, will require writ- lution function iteratively. In an environment which transfers au-
ing external objects or setting the block-size to 1. Writing external dio among its objects in blocks, we either have to write an exter-
objects can be time consuming and the real-time control of the cal-nal object which performs the calculation for every sample or set
culations have to be embedded in the external object, which will the block-size 1. Both of these solutions have serious drawbacks.
require a recompilation for every change to the mechanism. Set-Writing external objects requires knowledge of a programming
ting the block-size to 1 can make writing the patch cumbersome language, such as C, and often involves a learning curve for the
and sometimes very confusing. In this paper we shall present theuninitiated to the internal workings of the environment. Providing
fexpr~ object, implemented for Pd, Max/MSP, and jMAX, which  real-time control of the parameters in an external object, (in case
can be used for finding numerical solutions to differential equa- of equatiorf PAt), can prove to be time consuming, and recom-
tions by simply entering the difference equations as part of the pilation of the object is required for every change to the equation
object arguments. The object parameters can then be controllediefinition or control mechanism of its parameters. Setting the en-
in real-time using the host patching language. As examples, solu-vironment's block-size to 1 will make the patch creation difficult
tions to Lorenz Equations, Chua’s Oscillators, Duffing’s equation, and inefficient. Using théexpr~ object we could solve for equa-
and the use of first return maps will be presented usindekgr~ tion[2 as follows:

object.

Y = sin(Y) 1)

If Y is changing in time (represented by a numerical solution
to this equation would take the form of the following difference
equation:

1. INTRODUCTION fexpr ~ $y + sin($y) * $x

. . . Where $x is an input signal which controls the value 4ft in
Synthesis mechanisms are often separated by synthesis and control ;| _time. The 'set’ method (explained later) can be used to set the
parameters. Chaotic signals, which can be used at both of thes‘?nitial condition of Y.

levels, could be generated by finding numerical solutions to cer-

tain differential equations or by iterative use of first return maps.

Patching languages such as[Pd[1], Max/M$P[2], and jMAX[3] en- 3. CHAQOTIC SIGNAL SYNTHESIS

vironments offer objects with which one is able to generate chaotic o ) o )
sequences in control level; however, chaotic signal synthesis atChaotic signals could be synthesized by finding numerical solu-
sample level can prove to be difficult in such environments which tions to differential equations of at least third order. One of the

transfer audio among their objects in blocks. most widely used differential equations capable of generating
chaotic signals is the Lorenz Equations §ét:[4]
2. SOLUTION TO DIFFERENCE EQUATIONS X = Pr(Y-X) 3)
A differential equation is a formula which relates an unknown Y = —XZ+4rX-Y
value to its derivative. Differential equations can also be written 7 = XY —-bZ

as a set of equations relating the rate of change of a number of
unknowns to their derivatives. Differential equations often do not The variablesPr, r, andb are control parameters, anx, Y,
define an initial condition and to find numerical solutions to them, and Z are the unknowns for which we find signals as solutions.
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Therefore, The difference equations for numerical solutions to the
Lorenz equations would take the following form:

Xny1 = Xn+ (Pr(Yn— Xn))At 4)
Yn+1 — Yn + (_X'nZn + TXn — Yn)At
Zn+1 - Zn + (XnYn — bZn)At

A solution for each of the unknowns in the above equation requires
knowledge of the previous values of the other variables at every
sample.Fexpr~ also allows for definition of multiple equations in

the same instance of the object to accommodate this requirement

The next section discusses the implementation and the syntax use
in fexpr~, followed by the examples.

4. EXPR AND FEXPR"™

The expr object developed in the original Macintosh version of
MAX ("The Patcher”) is used for expression evaluation of control
streams. The expression syntax &xpris very similar to expres-
sion syntax of the C programming language.[5, p53] (None of the
store, typecasting, nor any of the following operatoss “ --
++ ?: " are supported at this time.) The rules for precedence of
operators are also the same as those defined in the C language.
Fexpr~ is an extension oéxpr. It is best to think offexpr~
as anexprwhich is evaluated for every samplEexpr~ provides
a syntax for accessing previous samples of the input streams a:
well as previous samples of the output streams in the expression:
to be evaluated. One block of every input and output streams are
buffered. All theexprfamily objects allow for definition of multi-
ple expressions, separated by semicolon, which results in multiple
outputs of the same type. This is specially needed when using
fexpr~ for finding numerical solutions to differential equations
representing second (or higher) order dynamical systems with 2
(or more) variables.

4.1. Equation Definition Syntax

In addition to access to global variables in the host environment,
special variables are used for accessing input and output streams
Inlet values are denoted by the following synt&# where, T
specifies the type of inlet and, the inlet number. Integer, float,
and symbol inlets are available to alkprobjects. For example,
$il , specifies the value of the first inlet as inted¥d8 , the value

of the third inlet as float, anfis2[5] , the value of the fifth ele-
ment of an array specified by the value of the second inlet. Signal
inputs and outputs ifiexpr~ are specified by th&x#[n] and
$y#[m] syntax respectively, where specifies the signal inlet or
outlet number, and andmare the indexes for accessing the previ-
ous values of the signal&expr~ buffers one block of each of its
inputs and outputs; therefore:

for $x#[n],
for $y#[m],

0 <= n <= —blocksize
0 < m <= —blocksize

London, UK, September 8-11, 2003

5. EXAMPLES

In this section we shall present a number of examples to show
how fexpr~ can be used for chaotic signal synthesis. Along with
the examples we shall also include a number of simple real-time
control methods for their use in musical contexts.

5.1. Lorenz Equations

The following patch implements difference equations (4). The
control parametergr, r, b, anddt are defined as variables in the
nvironment with thevalueobject.

set 0 2.3 -4.4

fexpr~ $yl + pr * ($y2 - $yl) * dt;
$¥2 + (=Syl * $y3 + r * Syl - $y2) * dt;
Sy3 + (Syl * Sy2 - b * $y3)*dt

The ’set’ method sets the previous values of the 3 output streams
and figure (1) is a graph of the proceeding 2048 output values gen-
erated by above patch in Pd.
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Figure 1: The first 2048 output values of the X signal for Lorenz
equations[(B) generated witexpr~ object in Pd withpr = 10,

b = 2.66667, r = 18, dt = 0.01, and initial values forX[—1] =
0,Y[~1] =2.3,andZ[-1] = —4.4.

5.2. Chua’s Equations

The Chua’s Oscillator equations set is one of the popular tools for
studying chaotic signals and due to its varied behavior from quasi-
periodic to noisy oscillations, we have found it a good musical
tool as well. A general dimensionless state equation for a Chua’s
Oscillator could be written as follows{[6, p xvi]

A number of shorthand notations are available to make the equa-

tion definitions easier to code and read as follows:

$x[n] — $x1[n]  $y[n]  — $y1[n] (5)
$x#t — $x#[0] $y#  — Sy#[-1] (6)
$x — $x1[0] $y — $y1[-1] (7)

DAFX-

X = ka(Y - X - f(X)) ®)
Y = kKX-Y+2) (9)
Z = K=Y —12) (10)
FX) = bX+(a-B{X +1/ - X -1} Q1)
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The functionf (z) implements the odd symmetric characteristic of 100 and used as an oscillator frequency wiith= 0.01, the result-
one of the nonlinear components in the Chua’s circuit (hamely the ing output of the oscillator is colored noise; whén= 0.0001 the
nonlinear resistor called Chua’s diode). Equatfor] (11) could also result is a quick rhythmical figure while the melodic and rhyth-
be written as follows: mical characteristics are very slowly changing, and when=
0.00001 the frequency of the oscillator is sweeped slowly but with
bX +(a—1b), X >= 1 rather clear phrasing boundaries. When listened over a long pe-
f(X) =4 aX, (X <= 1 (12) riod of time, the ever changing glissando phrases can be perceived
bX —(a—1b), X <= -1 to have a speaking quality. Thus, as a very simple real-time pa-
rameter one can usk to continuously control the behavior of the
synthesis over a spectrum of sounds from colored noise to long
slow changing phrases.

The function f(X) represented il) can be implemented in
fexpr~ using theabs() function; however, to demonstrate the use
of thei f() function as a general way of handling singularities we

have implemented the Chua’s oscillator wittX') characterized . )
in (I2) as follows: 5.3. Duffing’s Equation

Consider the following Duffing’s equationl[7, p 130]

£ ~ $yl + k * (alpha * ($y2 - Syl - $y4)) * dt; - . 3 ‘
Sy2 t kY (Gl - sy2 hsya) bac 7Y Y + kY +aY + BY?® = ' cos(wt) (13)
Sy3 + k * (-beta * $y2 - gamma * $y3) * dt;

if ($yl>=1, b*$yl+(a-b), if ($yl>=-1, a*$yl, b*$yl-(a-b))) by setting:
. D
. : . V.= = (14)
The outputs of Chua’s oscillator are musically useful in two ) Alf
different levels. Solutions obtained by fast integration of the equa- Vo Y, —Y._1 15
tions (larger values faft) are quasi-periodic or colored noise. Fig- n At (15)

ure[5.2 shows the first 2048 outputs of the X signal with following
variables: alpha = 15.6, beta = 28.58, gamma = 0, a =
—1.14286, b = —0.714286, k = 1, dt = 0.01, and initial points At*(T cos(wt) — B % Yn_12)
X_1 = 1.16346, Y_1 = —0.0972335, andZ_; = —0.905656 Yo = 1+ k*At) +
(seel[6] for the source of these initial values).

we can solve folY,, as follows:

Yn_l(Atk — Q¥ Atz + 2) — Yn_Q
(1+ k= At)

(16)

The following patch implements the difference equatjorj (16):

set y1 0.2 0.1

fexpr~ (dt*dt*(gamma * $x2 - beta * $y*$y*Sy) +
Sy*(dt*k-alpha*dt*dt+2) -$y[-2]) / (1+k*dt)

Note the use of the set method "set y1 0.1 0.2” which ¥ets
to 0.1, andY_, to 0.2. To get deterministic results, it is important
to make sure that one sets the phase of the oscillator connected to
the second inlet to zero when setting the initial conditions of the
fexpr~ instance. Figurg 53 is a graph of 8192 points generated
.5 with the above patch witllt = 0.01, £ = 0.3, alpha = —1,
beta = 1, andgamma = 0.5. With the mentioned values, the
output goes through an initial transient period which is not in-
cluded the graph. The chaotic region of the above patch is ap-
Figure 2: The first 2048 output values of the X signal for Chua’'s proximately wher0.5 < gamma < 0.6.
Equations[(T]L) generated witéxpr~ object in Pd withalpha =

0 2047

15.6, beta = 28.58, gamma = 0, a = —1.14286, b = 5.4. First Return Maps
—0.714286, k = 1, dt = 0.01, and initial pointsX_; = 1.16346, ) )
Y. 1 = —0.0972335, andZ_; = —0.905656. In this section we shall demonstrate htexpr~ could be used to

implement first return maps. One dimensional first return maps
can be used for nonlinear signal generation. Let us consider a map
represented by (x) where every sample of the signal is calculated
according to the following equation:

It is also possible to use the numerical solutions of Chua’s
equations as control parameters. For example, when scaled cor
rectly, one can use the solutions as frequency values for oscilla-
tors.l By using smaller values mz_ft (such as 0.00001) the nu- Tns1 = f(zn) (17)
merical solutions most often oscillate at a much slower rate and
when assigned as frequencies to oscillators the result exhibits cerWhen the map is a defined function, one can do the calculation
tain breathing like quality which mimics musical phrasing. In the while generating very sample; however, using a table lookup is of-
above example when the solution of tResignal is multiplied by ten a far more efficient computational process. Even though very
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Figure 3: 8192 output values for Duffing's equatipn|(16) generated Figure 4: The periodic signal generated by using a 2048 point array
with fexpr~ object in Pd withdt = 0.01, k = 0.3, alpha = —1, as a first return map using equatipn](18) with setting the elements
beta = 1, gamma = 0.5, andw = 557.76. 1316 and 1317 in the first return map array to 0.1.

small changes to the map could result in considerably different so-blocks can be time consuming and difficult. A new object, called
lutions, with careful choices one can use the map as a very simplefexpr~, was introduced for Pd, Max/MSP, and jMAX, which fa-

real-time control of the signal generation process. cilitates solving difference equations and using first return maps
Let us consider the iterations using the following simple map: while providing a simple mechanism for real-time parameter con-
(seell8, p 71)) trol.
Tnp1 = dpan(l —an), @ €[0,1]. (18) 7. ACKNOWLEDGMENTS
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Using differential equations and first return maps are among pop-
ular methods for synthesizing chaotic signals. Implementing such
methods in environments that transfer audio among their objects in
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