Proc. of the 7™ Int. Conference on Digital Audio Effects (DAFx'04), Naples, Italy, October 5-8, 2004

DIGITAL SOUND SYNTHESISOF BRASSINSTRUMENTSBY PHYSICAL MODELING

Bernhard Krach, Stefan Petrausch, Rudolf Rabenstein

Multimedia Communications and Signal Processing
University of Erlangen-Nuremberg, Germany
{krach|stepe|rabe}e@lnt.de

ABSTRACT erties and to be able to show the feasibility of the FTM synthesis
for brass instruments in general.

The Functional Transformation Method (FTM) is an established For the air column an extended version of Webster's horn equa-
method for sound synthesis by physical modeling, which has pro- tjon is the underlying PDE of the model. The mouthpiece model is
ven its feasibility so far by the application to strings and mem- assymed to be a lumped model, where advantage is taken of anal-
branes. Based on integral transformations, it provides a discreteggous acoustic network circuits for the description of acoustical
solution for continuous physic_etl problems given in form of initial_— problems. This allows a description of the mouthpiece with a set
boundary-value problems. This paper extends the range of applicanf coupled ordinary differential equations (ODEs). Furthermore
tions of the FTM to brass instruments. A full continuous physical g |ip model in form of a pressure controlled valve is used, that is
model of the instrument, consisting of an air column, a mouth- coupled to the mouthpiece ODESs in a nonlinear way.
piece and the player's lips is introduced and solved in the discrete  The paper is organized as follows. All parts of the entire model
domain. It is shown, that the FTM is a suitable method also for 4y treated in separate chapters. First they are introduced in the
sound synthesis of brass instruments. continuous form and then the way for obtaining a discrete model

is shown respectively. Section 2 treats the air column and the used

FTM procedures, Section 3 the mouthpiece model and Section 4 the

lip model. Some details on the connection of the discrete models
pare given in Section 5. Section 6 provides results of the MATLAB
Iimplementation. Section 7 concludes this paper and shows possi-
Qilities of improvement of the physical model.

1. INTRODUCTION

In the field of sound synthesis physical modeling has gained muc

interest in the last decade. The FTM steps in, where other physica

based sound synthesis techniques loose direct physical relation

or require high computational cost. The FTM starts with a de-

scription of a musical instrument in form of a partial differential 2. AIRCOLUMN

equation (PDE) with initial conditions (IC) and boundary condi-

tions (BC). By performing integral transformations on both time Brass instruments consist roughly of long cylindrical pipes, mostly

and space variable, a multi-dimensional transfer-function-model curved, that flare to a horn at one end. The sound waves inside

(MD TFM) is achieved, that allows the real time solution of the propagate lossy through the instrument and are both, radiated and

entire system. The FTM provides full access to all physical pa- reflected at the horn. Due to viscous and thermal effects at the

rameters of the underlying model. For that reason interaction of walls of the instrument and high pressure amplitudes the signifi-

control parameters with the model is close to the control mecha- cant loss mechanisms are quite complex. Details are available in

nisms of real musical instruments, which allows a intuitive way of [2]. However in that first approach towards brass instruments the

interaction with the model. Furthermore fully accessible physical model is kept quite simple.

models can help to understand the mechanism of the sound pro-

duction and therefore the influence and optimization of physica! 21. Continuous M odél

parameters. The general procedures of the FTM are depicted in

Figure 1. Detailed information is available in [1]. Starting point of the air column model is a mathematical descrip-
tion of the brass instrument as an initial-boundary-value problem.

L{} 7{} 1 reordering Therefore, corresponding to [1], the following description with a
PDE ODE algebraig MD TEM . . L sl
IC, BC BC | — " |equaton] — " PDE in vector notation with initial valueg, and boundary values

¥ is used.
discretization ¢
—1 —1
discrete zZ 4y dsorete T} [L+CD{y(x,t) = f(x,t), xe€V
solution 1-D TFM MD TFM fly(x,t) = yu(x,t), x€dV 1)

H
Figure 1:General procedures of the FTM. Eyx =0 = yix), xeV
The vector of unknown quantities j8(x, ¢t). The vectorf,(x, t)
In this paper a physical model of a brass instrument is built of indicates the excitation functions. The variables the time. x
several separate models: the air column, the mouthpiece and thelenotes the vector of spatial coordinates defined in the spatial vol-
player’s lips. All models are chosen to be as complex as necessaryumeV, which is bounded byV'. The operatoD; denotes the 1st
and as simple as possible in order to keep the basic physical prop-order temporal derivativef; andf;, are vector operators specifying
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initial and boundary values:)” is the hermitian operation arid
is a matrix operator of the form

L=A+BV. 2

At first the model is simplified to one spatial dimension. In conse-
qguence the nabla operat®r simplifies to the 1st order derivative
with respect to the spatial coordinate The model divides the
spatial volumél” of the brass instrument model into a cylindrical
partV; and an horn shaped pari, which are both assumed to be
round in diameter.

T

Vo i

0

Th2 Ts Tbl

Figure 2:Profile of a brass instrument. Details of the shape vary
with the instrument. At the coordinatg,; the air column is con-
nected to the mouthpieces. is the coordinate of the bell’s end.

The cylindrical and the horn shaped part are connectegd.at

For a concise notation the velocity potentials introduced, that
is related to the pressupeand the sound particle velocityby

% = @'(z,t) = v(z,1) )
%ggt) = P(x,t) = —é pla,t) . “)

The constanb is the static density of air. The vectgrof un-
known quantities for the initial-boundary-value problem is

y(:r’t):( o' (z,1) ) .

b(x,t)
It contains the flux quantity in form @b’ and the potential quantity
in form of . The standard PDE used for the air column model is
the well known horn equation of Webster. Based on known eigen-
functions for hyperbolic horns, it has been already investigated in
[3]. Here, we consider an extended version of Webster's horn
equation with an additional terni; ®, that causes a frequency-
independent damping effect in the air column model. This is a
severe simplification, as the damping in real brass instruments is
frequency-dependent. Details are available in [2]. The resulting
equation is valid for the sound particle velocity potendads well
as for the pressure

®)

A'(a)
Ax)

o + P = %513+d1<i>. (6)
C

The functionA(x) is the diameter of the wavefront within the in-
strument dependent on the coordinate A’(x) denotes the the
1st order derivative ofd(z) with respect to the variable. The
constant is the speed of sound in air.

The scalar PDE of equation (6) is turned into a vector PDE,
corresponding to the notation in equation (1), with the following

matricesA andC.
) e (8
0

N

Al (x)
A(x)

0
-1

1
2

§ ™
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The matrixB equals the identity matriky. In the cylindrical part
of the instrument the radius of the instrument’s pipe is constant.
Thus we have a constant radiusrefwith

A'(z)
A(z)
For the horn shaped part we assume that the shape of a brass in-

strument’s horn is close to a Bessel horn. The radius funetioin
such a horn is given with

r(x) = re, =0, zeVr. (8)

A 2
Az)

wheree is the flare parameter of the horn angis a scaling factor.

A brass instrument’s shape is achieved by adjusting the parameters
Th1, Th2, Ts, T'e, Th @nde properly. The excitation forces i are

set to zero and the initial conditions are assumed to be homoge-
neous.

€
I

r(z) = rnx” zeVe, (9

)
x

fe(z,t) =0, (20)

yi(z) =0. (12)
The boundary conditions have to be adapted to our problem. At
the pointz,;, where the mouthpiece is connected to the air col-
umn, we assume the sound particle velocity being equal to a given
boundary excitation functiom(¢). At the boundary point,. a
radiation load can model sound radiation from the instrument. To
keep the model simple, the radiation load is set to zero, which
means the pressure is zerozgt. Thus the boundary conditions
are determined as follows:

f}f{Y(‘rblv t) w(t) ) (12)
fooy(zp2,t) = 0, (13)
fb1:{(1)}, fb2:|:(1):|~ (14)

2.2. Discrete M odel

A discrete solution of the continuous problem can be obtained by
performirg the steps of FTM procedure as shown in Figure 1. Per-

forming the Laplace-transformation on the problem of equation (1)
leads to the following ODE with boundary conditions.
[L+sC]Y(z,s) = O zeV (15)
£1Y (xp1,8) = U(s) (16)
£3Y (232,8) = 0 7

Next step of the FTM is the Sturm-Liouville-Transformation (SLT)
that is used for the transformation of the space variable. The SLT
is an integral transformation with a kernel functiéf(z, 3) that

has to be designed carefully in order to obtain a transfer function
model from the problem (see [1]). The transformation is defined
by

T{Y(2)} =Y(B) = | K" (z,5)CY (z)dz . (18)
\%

Using a well designed kernel function transformation of equation
(15) yields an algebraic equation in the transformed domain that
includes the transformed boundary valigsas follows:

BY (B,s) + sY(B,s) — Yo (B,8) = 0. (19)
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In order to obtain an algebraic equation corresponding to (19) from (26) respectively. Inserting the kernels (28) and (29) in equation
equation (15) a set of Sturm-Liouville eigenvalue problems has to (23) leads to the following complex equation:
be solved. These problems are called the eigenvalue problem and

the adjoint eigenvalue problem. Details on this step are left out j tanh (M (zs — @b1)) = (34)
here and can be found in [1]. Firstly the adjoint operdtois ) ) ) )
introduced. (ny(ijm)Jlﬂ,(jst) - J*V(]bel)YPV(JM%))
£ AH H .
L=A" -B"V (20) (y,,,(jbel)J,y(jst) - J,V(jbel)qu(jst))
Because the model divides the instrument in two parts described
with different PDEs due to the different matiin V1 andVz, the In order to avoid a numerical search for the eigenvalues in the
elgenva_llue pr(_)blem and the a_th(_)lnt eigenvalue problem have to begptire complex plane, we can take advantage of the frequency-
solved in sections for the definition ranye and V- respectively. independent damping effects. It is known a priori that this kind

The kernel functiond andK are then defined section-wise (see ¢ damping gives the same real part for all eigenvalfgs Un-

[4] for details). The problems are indexed with= 1, 2. der the assumptio, = o + jw, = dl;z + jwp the termM
LK. (z,8) = BCKn(z,8), z€Va (21) simplifies toM = j—VUQ:w%‘. With this assumption equation (34)
2K, (2o, B) = 0 (22) simplifies to a real equation depending only on the variable
K K (23) Solutions of this simplified equation can be found numerically in a
1, B) = Ka(zs, 6) much easier way. The eigenvalues are related to the adjoint eigen-

values with3; = (.. The operation(-)* denotes the conjugate
= o A HD = complex of(-).
- ?K"(‘T’ﬂ) = BC Kn(@,6), z€Vn (24) Application of the SLT provides the transformed boundary
fonKan (zon, 3) = 0 (25) conditionsY,. Details on this step are available in [1].
K1'(zs,0) = K5' (25, 0) (26) . we
Yo(Bu, s) = =81 K(@b1, Bu) ¥ (s) (35)
The adjoint boundary operatofs; andfy,, are
The operatog}] is a vector operator of the fori =1 0 |
~ 0 ~ Reordering equation (19) and discretization by using the impulse-
for = [ 1 ] » fo2 = { 0 } ) @7 invariant-transformation yields a discrete-time transfer function model
(T is the sampling interval).
For concise notation of the solution of (21) and (24) we introduce
v=et i M= VEPUE gpypy = VIILE g andy,, V(B 2) = T———=—= Y5 (B, 2) (36)
denote the Bessel-Functions of ordeof 1st and 2nd kind. The zoe
following solutions can be obtained by any symbolic mathematical

. ; . “" The boundary excitation functionn has the quantity of a sound
program as MAPLE, for instance. The solution of equation (21) is y op 9 y

particle velocity and is connected to the excitation volume flow
M _Mz M _-Mz ) " atz =z by ¢(t) = -2 Thus we can rewrite equation (36)
CK

5 € 7€ . - A(zpr)”
Ki(z,3) = Jures oMz (28) using equation (35) to

j j V(3 — V(A3 —BuT -1
Ks(z, 8) = 2" S hou(jMa) 13Yio,(jMx) c'? (29) Y(Bu,2) = Y(Bu,z)e " 2 (37)
2 Jo(jMz) Y., (jMzx) K ¢l
T _o+ ~
— Mz . A )glﬁK(Ibhﬁu) Ue(2) .
cw _[eM™ ] 0 q@ _ Y_.(jMxb2) o? (30) bl
* eMtrot [T R | — Ty ([ M) | K lu)

with ¢!} anda'?’ being constants. The solution of equation (24) The vector of unknown quantitigscan be obtained by performing
is the inverse SLT. Now it it possible to compute the pressure and the

. . Mz — Mz (1) sound particle velocity of the air column for all valuesiof
Ki(z,0) =\ st nte _m1 512 | Ck (31)
’ s P K(2,84) o5
i B i B Y(z,2) =T HY(Bu,2) =) /R y(3,, 38
o oa =T (iMr) Y, (M) e (%) VBe2} =2 Nu () (39
KQ(:E,B) =x iM - iM - CK (32) B —
Jo1(jMz) Y,_1(jMx) wlp,z]

i _ In order to avoid aliasing the summation is limited up to the eigen-
aw e el (1) &® _ Yo (GMzn2) | ~2) 33 valuesg,, that fulfill the conditionS{3,.} < Z. The norm factor
K = | fay, |% Ck = ) ax (33) . T
eMab1 —Ju(jMzxn2) N,, computes with

with agp andaf,?) being constants. Then the eigenvalggsand N, = /z“ K" (2, 3,)CK(z, 8,)dz . (39)
the adjoint eigenvalueéu can be obtained from equation (23) and Tpo
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3. MOUTHPIECE denoted byuz, from the flowu,, to be able to determine the ex-
citation functiony) for the air column. The air column behaves as

The mouthpiece is the connection between the lips of the playera load coupled to port 2 of the mouthpiece model. The pressure
and the air column. There are brass mouthpieces in various shapeg, corresponds to the output of the instrument’s impedance model
and sizes. The details vary with the style of the instrument and the given by the mouthpiece and the coupled air column.
player’s preferences, but all mouthpieces have the common general
design shown in Figure 3. The player presses the lips against the; 5 pigerete Model
surface of the mouthpiece cup, which has a characteristic volume

V. A narrower passage of the diametgr and a length of. A discrete mouthpiece model can be obtained by performing the
connects the cup to the main bore of the instrument. impulse-invariant-transformation on the matrix description in equa-
tion (40). In the z-domain we get féf, and P,
Se, le Us(z) = [a1z71 + a2272] Us(z) + a3z71U1(z) (43)
178 +[aa +asz_1}P2(z),
ﬁ Pi(z) = [ac + arz'|Uz(2) + asPa(z) . (44)
The coefficientsiy, ..., as can be obtained from the discretization
procedure.
Figure 3:Profile of a typical brass instrument mouthpiece
4. LIPS
3.1. Continuous Model So far a model for a brass instrument has been introduced. Beside

. . . . the properties of the instrument itself the interaction mechanism of
A simple physical model of a mouthpiece can be found in [2]. The ; . .
the player with the instrument has a strong influence on the pro-

analogous acoustic network depicted in Figure 4 is used to describe - o
X . . - : duced sound and is fundamental for the characteristic sound of ev-
the basic physical behavior of a brass mouthpiece. The cup is mod-

. ) e ery instrument. When playing a brass instrument the player inter-
eled as an acoustic complianceand the passage of constriction acts with the instrument by using his lips, that are pressed against
as an acoustic inertande Lossy effects in the mouthpiece are in- ) y using PS, pr 9

. . N h the mouthpiece. Thereby the lips behave as an oscillator, that ex-
cluded in the model with an dissipative elemé&htThe impedance . X L . ) S
- - cites the air column inside the instrument. The lip oscillation is
quantities denote the ratio of the pressute the volume flowu.

For a common linear network like the mouthpiece model the un- §upporteq with energy proylded by the playgr hlmself and reflec-
tions coming back from the instrument. The lip model is chosen to

provide the behavior of lips towards a brass instrument in general

L R and neglects details.
Ui u2

———llll—

4.1. Continuous M odel

Physical lip models of different kinds are available from the pub-

b1 e p2 lications of N.H. Fletcher, e.g. [5], and from various publications
of the group of X.Rodet at IRCAM, Paris, e.g. [6]. All these lip
models are pressure controlled valve models. Here a basic upward

o striking model is used.

Figure 4:Analogous acoustic network for a brass mouthpiece. oo, \
0

derlying ODEs are simple. Therefore a description of the mouth-

piece model is given directly in the frequency domain with the

following 2 x 2 input-output-system matrix Py p %/
2 0 u 4’&\

( Ui(s) ):( s°LC +sRC+1 sC )( Uz (s) ) . (40)

Pi(s) sL+R 1 Py(s)

The values. andC' of the physical model can be computed from Figure 5: Schematic of a physical model for the lips of a brass

the mouthpiece geometry. player according to [6].
Cc = Vb2 (41) A mathematical description of the model is given by the following
QocC ODE.
QOZC
L = -5 (42) moidi(t) + ro@i(t) + koxi(t) = y(Ps — p(t)) (45)

We assume as excitation a volume flaw entering the mouth-  Therebyz; is the opening of the lipjno the mass of the lipro
piece. It is required to compute the flow out of the mouthpiece, a damping constant anid, the spring constantzy is a constant
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related to the geometric details of the lip mode|,indicates the Reordering yields the following equations with the coefficients
blowing pressure inside the mouth amés the pressure inside the  e;..es, that are available from the reordering procedure
mouthpiece. The volume flow entering the mouthpiece is set to . 1 2 1

zero except when the conditian(t) > 0 A P — p(t) > 0 is Uz(2) = [e1z™" +eaz "|Ua(2) +eaz” Un(z)  (50)

fulfilled. Then it is computed with +[eaz™! +esz7?n(2)
5 Pi(2) = [es + ez JU2(2) + esz” 'n(2) . (51)
u(t) =14/ Efﬂl(t) Py —p(t) . (46) With equation (502 can be computed without the knowledge of
p2, which means the delay free loop has been eliminated. So the
The parametetis a constant describing the width of the lip. The (Tl
initial conditions are denoted witk; = [1(0) @1(0)]. Py |

4.2. Discrete Model

» Q0

A discrete lip model can be easily obtained by performing the By (1, 2 ]C[1]

Laplace-transformation and the impulse-invariant-transformation v+<7
on equation (45) €[] K(QW
e ‘ AL 2|~ -yla, K
Xi(2) = [wiz"! +waz ] Xi(2) + wez " (Ps — P(2)) (47) : B ‘
+XiW0(Z) . q
The coefficientsw:, w2, ws and the vectow,(z) are available
from the discretization procedure.
rrrrrrrrrr —
5. CONNECTING THE MODELS £[u] ' by k[, 2] ¢ 0]
—1 |
When the mouthpiece model is connected to the air column, the z 8z Kl o]

volume flowus equals the excitation flow. of the air column ¢l
model. Furthermore the pressyrgequals the pressure at the co-
ordinatery,; of the air column. The lip model can be connected to
the mouthpiece by setting the lip flowequalu; and the mouth- . . . . . .
piece pressurg equalp:. But this straight forward approach of Figure 6 Synthes_,ls algorithm fo_r brass instruments. Simulation
joining the models yields an algorithm containing a delay free of the al(column is performe.d Wlth §evera| complgx 1st-ord¢r res-
loop. In order to get an implementable synthesis algorithm all Onaors in parallel. The excitation is computed with a nonlinear
delay free loops have to be eliminated. Computiagith equa- loop back containing mouthpiece and lip model computations.
tion (43) does requirg2 to be known at the recent time step. But ) . . . . )
with equation (38) the state vector of the FTM, and consequently _foIIowmg algont_hm provides a discrete _solutlc_)n of_the prewously
p2, can only be computed when all FTM computations (equation introduced continuous m_odel. AI_I equatlon_s givenin the_z-doma_ln
(37)) of the recent time step are already performed. This would &€ transformed to t.he discrete time domain by performing the in-
require knowledge about the still unknown flaw. Therefore this ~ VErse z-transformation:
straight forward way is not possible. An successful way of joining for k € simulation time
B e g 1P Pressean be otanes ] = sl = 1)+ ol =2+ cofi = 1
Feanlk — 1] + esnk — 2]

p2(t)=—00( 0 1 )y(wb1,t) (48) forp=1:N
e Ylu, k] = Clulylp, k — 1] + §[pu]uz[k]
_ , , , , n[k] =Y eohpslp, oo )¢[ulglu, K]
Using equation (37), (38) and (48) yields the following expression u
for ps: 21[k] = wimik — 1] + wami [k — 2]

+ws (Ps[k — 1] — plk — 1))
pi1lk] = esuz[k] + ezualk — 1] 4+ esnlk — 1]
if m[k]>0 A Psk]—pi[k] >0

Py(2) = —oohp ) Kl woa]C[u]Y (B, 2) 271 (49)

n(z)

—oohp Z K, zp1]€[p|Uz(2) u[k] = l\/gml[k] VE[k] = pi[k]

Equation (49) can now be inserted into equation (43) and (44). ur[k] =0
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6. RESULTS

The synthesis algorithm was implemented in MATLAB. The model
parameters were adjusted to fit the profile of a trumpet and a trum-
pet player. At first the instrument model without joined lips was
investigated by computing the impulse response of the system.
This allowed comparisons of the physical modeled computer in-
strument to measurements performed on real instruments. Com-
parable data is available in [6]. The results showed conformity
at least in the basic matters, which is reasonable when looking at
the rough simplifications of the underlying physical model. In the

2.5X 10 ‘

0.5f

Pressure [Pa]

1000 1500

Time [Samples]

500 2000

Figure 7: Impulse response of a brass instrument simulated at a
sampling rate of 44100 kHz. The parameters of the model are
adjusted to fit the measures of a trumpet.
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next step the lip model was connected to the instrument. Simula-Figure 8:State variableg,, u1 andz; of a trumpet tone. Simula-
tions yield results similar to those published in [7], where a similar tion was carried out at a sampling rate of 44100 kHz.

lip model and a measured impedance function of a real instrument
was used.

7. CONCLUSIONS

In this paper the way from a continuous physical model to a sound
synthesis algorithm is shown for a brass instrument. Basic physical
models for air column, mouthpiece and lips are introduced. Then
the continuous models are turned into the discrete domain. The

air column model is solved by performing the FTM procedures, [3]

the mouthpiece model and the lip model are solved by perform-
ing Laplace-transformation, impulse-invariant-transformation and

inverse z-transformation. The discrete models are connected suci4]

cessfully by eliminating a delay-free loop. Feasibility of FTM
based sound synthesis for brass instruments is demonstrated by
implementing the algorithm in MATLAB. The simulation results
show conformity to the basic properties of real brass instruments
but also the need for improvement in order to achieve a more real-
istic sound. On one hand it is possible to use a more sophisticated
lip model, on the other hand the instrument model itself can be

(5]
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